Solve for ¢.
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The equation of the curve is:

x:xo—rtz(Qt(Q\[—3)—4\/§+7)
y:rt(2t2(2f—3)+t(11—8¢§)+4f—4)+yo

The relative error of the fit to the circle is e.

o — \/(x—x0—|—7°)2-|-(y_y0)2_1

The slope is zero at the maximum value of the error.
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0=t (34-24V2) (124 =30 £ +26 2 ~9 1 + 1)
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There are five solutions for ¢.
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The maximum error is:
coyTL_2v2
V54 9

e = 2.72530007427705490170511 * 10~*

This is an example of a large circle.

r =234
2o = 539.8953
Yo = 485.4492
934 (4/2 — T
= % + 539.8953
vs = 435.120931460405655226126
234 (V2 — 1
=4 % + 485.4492

y1 = 614.683831460405655226126
The error in pixels at 300 bpi is:

25eT () 965716757242012852916248




. S X3,y3 @—
For the circle the following is true: y

1 = X
r3 =g —7T

Y2 = Ys

Ys =Yo +r

+ x0,y0 &

The Bézier curve for the circle is:
r=—rt3+ 3 (xg—22)+ 31 (29— x0) + 20

y=rt*(3=21)+31(y1—yo) +6 1> (yo —y1) +3 t(y1 — o) + vo
We need more information to fit the curve to the circle, so let the curve and the circle touch halfway around
the arc. Also let the curve be symmetrical. The point halfway around is [24, ya].

=eo=rrsin(7)
T4:= 29— 7T+ rsin 7

. T
Ya:= Yo + T SIn (Z)

J:4:—rt2+3t2($0—1‘2)+3t421(x2_x0)+x0

(r (V213 = V2 +1) +3V2t3 20 (1 — t4))
V2 (615 (1 —14))

Yya=7r 153 —2t)+3 3 (y1 —vo) +6 15 (yo—v1) + 3 ta(y1 — vo) + Yo

oVt = 3VatE 4 1) + 32ty (13— 2t + 1))
(6t4 (12 — 2ta+ 1))

Since the curve is symmetrical the following is true.

o —

Y =

Y1 — Yo = XT3 — T3

yl—yozﬂb‘z—(ﬂé‘o—?“)
Y1=r—2o+ T2+ Yo
\[(3\ft4x0(t2—2t4—|—1)—r(\ft3—3\ft2+3\ft4—1))
(614 (12 — 214+ 1))

\/ir(Q\/?ti—B\/?ti—i—\/?u(\/?—l)—l—\/?—1)
(613 (t2 —2t4+ 1))
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The problem is to draw a circle using only the curveto. For most circles four curves are required. For a
circle with a radius of 234 points the maximum error is 0.2657 pixel at 300 bpi.
The Bézier curve in equation space 1s:

c=at’+bt>+ct+ g

t—ap=al>+bt’+ect

When t = 1 then x = x3.
zs—axo=a l®24+b12+¢1

Solve for c.
c=—a—b—xg+ x3

The equation for the circle is:
P = (e —w) + (- ye)

The center of the circle is at the point [2., y.].
[tzoax:$0ay:y0ayc:y0]

r? = (20— )" + (o — 0)”

Solve for x..
T.=xTg—T

O=z?+2x(r—x0)+y¥*  —2ywy—27rzo+as+ys
r—zog=at’+bt’+(—a—b—zo+x3)t
l‘—l‘oIt<a<t2—1)+b(t—1)—l‘0+l‘3>

The Bézier curve in terms of z3 is:
x—i—t(xo—xg)—xo:t(a(t2—1)+b(t—1))
t(xg—wg)+e—zg=t(at+a+b)(t—1)
r=at(t—1+1)+bt(t—1)+1t(x3—20)+ xo

The slope of the Bézier curve 1s:

%Ia<3t2—1)+b(2t—1)—l‘o+l‘3
3(x1 —wo) = —a—b—wy+ a3
3(ez—w2)=2a+b— a9+ 23

a=—-xp+3 21 —3 x2+ x3
b:3(l‘0—21‘1—|—l‘2)

The Bézier curve in terms of the control points is:
r=(—20+3 2 =32ttt —DE+D+3(o -2z +22)t(t—1)+t (23— 20)+ 20

r=—1(rg—3 21 +3x—23)+ 33 (zg—2 21 +22) +31(x1 — 20) + 20

y=— W -3y +3y—ys) +3 % (o —2y1 +y2) +3 ¢ (y1 — vo) + Yo



